
1 Summary

Let’s start from linear regression with L2 regularization [1].

y = wTϕ(x)

Note that ϕ(x) = X where X is a m×D matrix where each training sample has m features.
To choose the optimal w, we minimize the sum of squares:

w∗ = arg min
w

||y −wTϕ(x)||2

To avoid overfitting, we add the regularization parameter:

w∗ = arg min
w

||y −wTϕ(x)||2 + λ||w||2

Lets say that L(w) = ||y −wTϕ(x)||2 + λ||w||2
What is this derivative? We will compute the following gradient:

∇wL(w) =
∂L(w)

∂w
= (

∂L(w)

∂w1
, ...,

∂L(w)

∂wi
)

Let’s go look into one element of this gradient ∇w:

∂L(w)

∂wi
=

∂(||y −wTϕ(x)||2 + λ||w||2)
∂wi

Keep in mind that

||y −Xw||2 = yTy − yTXw − (Xw)Ty + (Xw)T (Xw) (1)

= yTy − 2yTXw + (Xw)T (Xw) (2)

=
∑
i

y2i − 2yTXw +
∑
j

(xjw)2 (3)

=
∑
i

y2i − 2
∑
i

aiwi +
∑
j

(
∑
i

xjiwi)
2 (4)

=
∑
i

y2i − 2
∑
i

aiwi +
∑
j

(xj1w1 + ...+ xjiwi)
2 (5)

where a = yTX, ai = yTXi

Since ∀k s.t. k ̸= i, ∂wk
∂wi

= 0,

1



∂L(w)

∂wi
= −2ai −

∂
∑

j((xjiwi)(xj1w1 + ...+ xji−1wi−1) + (xj1w1 + ...+ xji−1wi−1)(xjiwi) + (xjiwi)
2)

∂wi

(6)

= −2ai −
∑
j

((xji)(xj1w1 + ...+ xji−1wi−1) + (xj1w1 + ...+ xji−1wi−1)(xji) + (2x2jiwi))

(7)

= −2ai −
∑
j

2((xji)(xj1w1 + ...+ xji−1wi−1) + (2x2jiwi)) (8)

= −2(ai −
∑
j

((xji)(xj1w1 + ...+ xji−1wi−1) + (x2jiwi))) (9)

= −2(ai −
∑
j

((xji)(xj1w1 + ...+ xji−1wi−1 + xjiwi))) (10)

= −2(ai −
∑
j

((xji)(xj1, ..., xji−1, xji)w) (11)

= −2(yTXi −XT
j Xiw) (12)

In the matrix representation:

∇wL(w) = −2(yTX −XTXw)

Also in general:
∇ww

TXTXw = 2XTXw

Note that XTX is symmetric and it is part of the common matrix derivative pattern1
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